Abstract. We present an explicit formula for the topology and H-flux of the T-dual of a general type II compactification, significantly generalizing earlier results. Our results apply to T-dualities with respect to any circle action on spacetime X. As before, T-duality exchanges type IIA and type IIB string theories. A new consequence is that the T-dual spacetime is a singular space when the fixed point set X
to T-dualities with respect to any circle action. We start with the spacetime X, equipped with a flux form H, that is a manifold without boundary such that the fixed point set X T is non-empty.
The T-dual spacetime X/T is a stratified space, possibly with boundary, in the sense of [13] , with a dual flux H which is an equivariantly closed differential form on X. The singularities of the spacetime and that of the flux form correspond to Kaluza-Klein monopoles [14, 12] . Topological aspects of examples from mirror symmetry (when X is Calabi-Yau, cf. [15] ) fit into our framework, solving an open problem stated in [7] . Technically, the new approach in this paper is to use the correspondence space in a fundamental way in our construction of the T-dual spacetime, in contrast with the construction of the T-dual in [7] . We show that the twisted cohomology of (X, H) is isomorphic, with a degree shift, to the twisted equivariant cohomology of ( X, X), and a similar result in twisted equivariant K-theory. We thus propose that the Ramond-Ramond charges of type II strings theories on the singular space X/T, with the flux form H, are classified by the twisted equivariant cohomology groups. Possible relevance of equivariant cohomology in the context of Tduality was first mentioned in §2, [16] . Intersection cohomology [13] is another good replacement for the cohomology of X/T, and it is interesting to see if it is possible to realize T-duality isomorphisms in terms of intersection cohomology and its twisted variants.
Consider a pair (X, H), where X is a spacetime and H is a background flux, a closed differential 3-form on X with integral periods. We also suppose that there is a smooth action of a circle T on X preserving H (by averaging over T, this can always be arranged without changing the cohomology class of H). We now construct the T-dual of (X, H) in such a way that it reduces to the case studied in [7] whenever the T-action is free. Consider the product X × ET with the diagonal T-action, which is free since the action on the universal space ET is free. The universal T-space ET can be chosen to be either the unit sphere in an infinite dimensional Hilbert space, or the direct limit of odd dimensional spheres S ∞ = lim − → S 2n+1 . Therefore X × ET is a smooth countably compactly generated manifold and p * 1 (H), where p 1 : X × ET → X is the projection, is a background flux on it. The quotient space
where T acts diagonally on X × ET, is called the Borel construction. Note that there is a fibration
where the classifying space BT can be chosen to be either the projective Hilbert space, or the direct limit of complex projective spaces CP ∞ = lim − → CP n . The equivariant cohomology is by fiat
It has the following properties, cf. [17] .
(1) The equivariant cohomology H
(2) The inclusion map i : X ֒→ X T induces the restriction i * : H
, which is an isomorphism whenever the T-action on X is free.
(4) Upon localisation, there is an isomorphism H
, where X T denotes the fixed point subset of X.
These properties explain why the equivariant cohomology H T (X) is a good replacement of the cohomology of X/T when the latter is singular.
The Gysin sequence of the T-fibration X × ET → X T is the long exact sequence
where ∪ e T denotes the cup product with the (equivariant) Euler class e T ∈ H 2 (X T , Z) = H 2 T (X, Z). In this case, e T = φ, which replaces the curvature of the (singular) T-fibration X → X/T. So the Gysin sequence becomes
We next construct the T-dual of (X, H). We recall the classification of equivariant circle bundles on a T-manifold X.
Proposition 1 (Equivariant circle bundles) Let X be a connected T-manifold. The equivariant first Chern class c T 1 gives rise to a one-to-one correspondence between equivalence classes of Tequivariant circle bundles over X and elements of H 2 T (X, Z).
For locally finite CW-complexes with continuous T-actions, this result was proved in [18] . For smooth actions of connected groups, Proposition 1 is due to [19] . There are different proofs, due to [20] , Theorem C.47, and [21] . None of these proofs are particularly simple.
By Proposition 1, there is a T-equivariant circle bundle X over X such that c T 1 
The conditions that uniquely specify [ H] are:
is an equivariant extension of p * ([H]) on X.
Recall that the Cartan model for equivariant cohomology (with real coefficients) is
where Ω • (X) T [φ] denotes polynomials in φ with coefficients that are T-invariant differential forms on X and V is the vector field on X generating the T-action. The class c T 1 ( X) = π * ([H]) is represented by ι V H. On X → X, there is a T-invariant connection A ∈ Ω 1 ( X) T whose (equivariant) curvature is F = d A = ι V H, with the property ι V A = 0. We can choose an equivariantly closed 3-form Theorem 1 (T-duality for circle actions) Let X be a connected manifold and let H be a background flux, that is, H is a closed differential 3-form on X with integral periods. We also suppose that there is a smooth action of a circle T on X preserving H. The T-dual of (X, H) is the pair ( X, H) constructed above, where π : X → X is a T-equivariant circle bundle over X
There is a "T-duality isomorphism" between the twisted cohomology groups
We note that the T-dual of the spacetime X with flux H for general circle actions, is a singular manifold X/T, whose desingularization X is of dimension one higher than that of X. Although typically, the equivariant cohomology of a T-manifold X with nonempty fixed point set X T is infinite dimensional, the isomorphism in Theorem 1 implies that the twisted equivariant cohomology groups H • T ( X, H) are always finite dimensional. The isomorphism in Theorem 1 is a compelling evidence that the Ramond-Ramond charges in the type II string theories on the singular space X/T are classified by the twisted equivariant cohomology group H • T ( X, H). Further evidence will be given by a similar isomorphism in twisted equivariant K-theory in the Appendix.
We explain the above isomorphism in two different ways. First, by the main result in [7] and using the commutative diagram above, we have
The isomorphism can also be obtained by Hori type formulas [22] , which we now establish, in the Cartan model of equivariant cohomology. Define the maps
where
. Then one verifies that
Moreover,
is defined by
Therefore S and T are homotopy inverses of each other and the induced maps S * and T * on the twisted cohomology groups realize the isomorphism in Theorem 1.
If we started with the spacetime X without boundary and with H = 0, the T-dual spacetime X/T is a manifold with non-empty boundary components. (In addition, there is a noncommutative algebra associated to the T-dual. See, for example, [12] .) The dual flux is H = φ ∧ d θ, where d θ is the standard 1-form on T. Near a component of the fixed-point set, X looks like C n × M , where T acts on each coordinate of C n and dim M = 10 − 2n. If the weights of the T-action are 1, the T-dual manifold X/T is the product of a cone on CP n−1 with M × T near the singularity. For small n, a neighbourhood of the singularity is illustrated in Figure 1 . (c) n = 3. Observe that one has the commutative diagram of finite dimensional approximations of (1) 
By [26] , one has Therefore using (3) and (4) we get
which is interpreted as T-duality isomorphism of charges of RR-fields in K-theory. 
